We extend the methods of Spradlin and Volovich to compute the partition function for a conformally-invariant gauge theory on IR × S 3 in which the dilatation operator is represented by a spin-chain Hamiltonian acting on pairs of states, not necessarily nearest neighbors. A specific application of this is the two-loop dilatation operator of the planar SU(2) subsector of the N = 4 SU(N ) super Yang-Mills theory in the large-N limit. We compute the partition function and Hagedorn temperature for this sector to second order in the gauge coupling. The Hagedorn temperature is to be interpreted as giving the exponentially-rising portion of the density of states of the SU(2) sector, which may be a signal of stringy behavior in the dual theory.
Introduction
are relevant to our calculation. In Section 3 we describe how to obtain the Hagedorn temperature from the partition function computed in perturbation theory. Section 4 describes the computation of the matrix elements for a periodic spin-chain Hamiltonian with pairwise interactions that do not necessarily act between nearest neighbors. In Section 5 and Section 6, we specialize these results to the SU(2) subsector in the planar limit. Finally in Section 7 we present some concluding remarks.
2 Partition function of N =4 SYM on IR × S
3
In this section, we review some of the results obtained in ref. [28] for weakly coupled N = 4 SYM theory on IR × S 3 relevant to this paper. Thermodynamics begins with consideration of the partition function
where β = 1/T , and H is the Hamiltonian of the N = 4 SU(N) super Yang-Mills theory on IR × S 3 , with the radius of S 3 taken to be unity. (The dependence of physical quantities on radius can be restored using dimensional analysis.) Using the correspondence between states of the YM theory on IR ×S 3 and gauge-invariant operators of the theory on IR 4 (where the Hamiltonian H of the former corresponds to the dilatation operator D of the latter), we rewrite the partition function as
where x = e −β , and the sum is over all gauge-invariant operators O of N = 4 SU(N) YangMills theory on IR 4 . The dilatation operator may be expanded perturbatively in the 't Hooft
3)
The zero-coupling partition function
may be computed by counting all the gauge-invariant operators of the theory weighted by x D 0 , where D 0 just yields the engineering dimension of the operator O.
The most general gauge-invariant operator is a linear combination of k-trace operators, expressed as a product of k single-trace operators, so a complete basis for gauge-invariant operators may be specified in terms of a complete basis of single-trace operators. Since singletrace operators have well-defined engineering dimension, one may compute the zero-coupling partition function of this subset of operators:
where we will use Tr to denote the sum over single-trace operators. The partition function of operators with an arbitrary number of traces may then be written
by treating the single-trace operators making up the general multi-trace operators as indistinguishable bosons. In turn, a general single-trace operator is an arbitrary product of the "letters" comprising the "alphabet" A of the N =4 SYM theory [29] . The counting of single-trace operators is equivalent to the counting of the number of inequivalent "necklaces" N constructed from beads of the alphabet A [17] . The analogy of the necklace is appropriate since a necklace is invariant under translation of the beads around the string, just as a single-trace operator is invariant under cyclic permutation of the fields composing it. The zero-coupling single-trace partition function is therefore given by the necklace partition function
where each necklace is weighted by d(N), which is the sum of the engineering dimensions d(A) of the beads A belonging to it. Equation (2.7) may be computed using Polya theory, yielding [17] 
where
is the elementary partition function of the individual fields A ∈ A, and φ(n) is the Euler totient function, denoting the number of integers less than n that are relatively prime to n. The term −z(x) serves to remove the contribution of necklaces with a single bead, since Tr[A] = 0 in SU(N). The single-trace result (2.8) may be inserted into eq. (2.6) to yield [18] 
The expressions above are valid only in the infinite-N limit, since for finite N there are relations among the traces that reduce the number of independent operators. Following ref. [28] , we recast the computation of the necklace partition function in eq. (2.7) as a sum over periodic spin-chains of varying length L 11) where the spin vector at each site takes values A ∈ A and is weighted by x d(A) , and Tr L is the sum over spin chains of length L. Here
projects onto cyclically-invariant spin configurations, where T is the translation operator on the spin chain, with the spin vector at site i + L identified with that at site i. Using this approach, one may rederive the result (2.8) for the zero-coupling partition function [28] . Using this setup, the authors of ref. [28] also computed the one-loop correction (i.e., first-order in λ) to the partition function
by counting necklaces with a "pendant" attached to two adjacent beads in a strand. This is because the one-loop correction D 2 to the dilatation operator only acts on pairs of fields adjacent to one another in the trace. They computed this quantity by summing over spin chains with insertions of an operatorÔ 14) whereÔ i,i+1 acts non-trivially on the ith and (i + 1)th spin variables, and trivially on the remainder of the spin variables. Their result was [28] Tr
where (k, L) denotes the greatest common divisor of k and L. Using eqs. (2.15), (2.16), and (2.17), the authors of ref. [28] explicitly evaluated the one-loop correction to the partition function (2.13) for various sectors of the N = 4 theory (see also ref. [30] ). In Section 4 we will show how one can generalize the approach above in order to include operators which act pairwise on non-nearest neighbor spin variables.
Hagedorn temperature
In this section, we describe how the perturbative computation of the partition function (outlined in the previous section) is used to compute the Hagedorn temperature of the theory.
Due to the exponentially-rising density of states of the gauge theory, the partition function diverges at a finite temperature, known as the Hagedorn temperature. One may see from the n = 1 term of the product in eq. (2.10) that the zero-coupling partition function goes as
where x 0 is defined by z(x 0 ) = 1; the zero-coupling Hagedorn temperature is therefore
but the location x H (and therefore the Hagedorn temperature) is shifted from x 0 by higherloop corrections. Perturbatively expanding to second order in λ,
we find
+ · · · (3.4) Hence, the corrections to the Hagedorn temperature may be read directly from the coefficients of the simple poles of ln Z(x)/Z (0) (x) . If we restrict ourselves to the planar sector of the theory, we can neglect mixing between gauge-invariant operators with different trace structures [28] . In this case, the basis for multi-trace operators can be still be constructed from the basis of single-trace operators and the full partition function written as 5) just as in the zero-coupling case (2.6). From this, we have 6) so that (in the planar theory) the shift in Hagedorn temperature may be computed in terms of the poles of the perturbative expansion of the single-trace partition function Z(x). We now expand the single-trace partition function to second order in the coupling constant:
As mentioned in the previous section, the first-order correction (given by Tr[x D 0 D 2 ]) was calculated in ref. [28] and then used to compute the first-order shift in the Hagedorn temperature. In the next section, we generalize this analysis in order to be able to compute the second-order corrections Tr[
, and from this the second-order shift in Hagedorn temperature.
More pendants for Polya
Higher-loop corrections to the dilatation operator act on pairs of fields that are not adjacent to one another in the trace, so it is necessary to consider a generalization of eq. (2.14), namely
where the operatorÔ i,i+c acts on pairs of non-nearest neighbor spins. We assume that c is not a multiple of L, so that i and i + c are distinct. Equation (4.1) may be understood in terms of the counting of necklaces with a pendant attached to two non-adjacent beads. The calculation proceeds analogously to that in ref. [28] Tr
To evaluate this sum, consider a product of delta functions that does not omit any terms,
This would weave the necklace into m ≡ (k, L) strands. Now omit δ A 1 A 1+k and δ A 1+c A 1+c+k from the product of delta functions, as per eq. (4.2). This breaks either one strand or two strands, depending on whether A 1 and A 1+c are on the same strand or not. They will be on the same strand if and only if c is a multiple of m. We therefore consider two separate cases, depending on the value of k:
In this case, two separate strands are broken. Since A 1 and A 1+c are not on the same strand, the delta functions connect A k+1 with A 1 and A k+1+c with A 1+c in two cycles consisting of L/m terms. The remaining m − 2 strands are also of length L/m. Each strand contributes a factor of
where we have used eqs. (2.9) and (2.16).
Case (ii): c is a multiple of m = (L, k) but not a multiple of L In this case, A 1 and A 1+c are on the same strand, so omitting δ A 1 A k+1 and δ A 1+c A k+1+c breaks that strand into two pieces. The two segments have lengths n and (L/m) − n, where n is the smallest integer such that nk = c mod L. Hence and we have used eqs. (2.9) and (2.17).
Combining the results of the two separate cases, we obtain (for c not a multiple of L)
which reduces to (2.15) when c = 1. In eq. (2.15), n(k, L, 1) has been replaced by k because the set {n(k, L, 1)} coincides with {k : (k, L) = 1}. This does not generally hold for c ≥ 2. From the last term in eq. (3.7), one can see that we also need to evaluate
Recalling that P 2 = P and [P,Ô 1 ] = 0, we find
As before, to evaluate this sum, we will initially ignore the restrictions i,j = 1,2 on the delta functions. The product of delta functions
A j+ℓ then weaves a necklace consisting of two sets of beads {A i } and {B i }, connected A → B → A → B · · ·. This necklace contains m = (k, L) separate strands, each of length 2L/m. The omission of the delta functions δ A 1 B 1+k−ℓ , δ A 2 B 2+k−ℓ , δ B 1 A 1+ℓ , and δ B 2 A 2+ℓ has the effect of breaking one, two, three, or four strands (depending on the values of k and ℓ), with the rest remaining intact.
It will turn out that, for the purpose of evaluating the shift in the Hagedorn temperature, we will only need the k = L (mod L) term in the sum (4.8), so we now focus on this case.
In this case, we begin with a necklace with L separate strands, each consisting of an A bead and B bead. When L ≥ 3, the omission of the delta functions δ A 1 B 1−ℓ , δ A 2 B 2−ℓ , δ B 1 A 1+ℓ , and δ B 2 A 2+ℓ has the effect of breaking two (when ℓ = L), three (when ℓ = 1 or L − 1), or four (the other L − 3 cases) strands, the rest remaining intact. Hence, the sum (4.8) reduces to
The case L = 2 differs slightly, yielding
We will evaluate these expressions explicitly in the following section in the case of the SU (2) spin chain.
Specialization to the SU(2) spin chain
Consider a restriction of the alphabet A to two of the complex scalars of the Yang-Mills theory, X and Z, which have d(X) = d(Z) = 1. This corresponds to an SU(2) spin-chain. For this sector, z(x) = 2x, so from eq. (2.10), one observes that the zero-coupling Hagedorn temperature occurs at x 0 = 1 2 or T 0 = 1/(ln 2). For this sector, the dilatation operator can be expressed in terms of the operator
where P ij simply transposes two spin vectors:
In this case one easily computes
Inserting these in eq. (4.6), one obtains 
The sum over k = 1, . . . , L of any summand that only depends on m = (k, L) may be rewritten as a sum over the divisors m of L, or equivalently as the sum over the divisors
This allows us to rewrite eq. (5.5) as
In the first term, n divides L, so we may rewrite that term as an unrestricted sum over n and m, with L = nm,
In the second term of eq. (5.7), m divides L, so the sum over L may be replaced by a sum over n with L = nm, and the restriction m|L dropped. In the fourth term of eq. (5.7), we have three restrictions: L|c, n|L, and (L/n)|c. However, n|L implies (L/n)|L, and since L|c, the third restriction may be dropped. Putting everything together, we obtain
When c = 1, this reduces to 10) in agreement with eq. (4.4) of ref. [28] . Below we will also need the c = 2 case
Let us also explicitly evaluate, for the SU(2) sector, the expressions appearing in eqs. (4.9) and (4.10):
Summing these up, we obtain , the zero-coupling Hagedorn temperature. We will now justify why the k = L mod L terms in eq. (4.8) will not be needed. In the general case, the necklace contains m = (k, L) strands, each of length 2L/m. Before cutting the strands, the partition function contains a term z(
Cutting the strands alters this slightly, but the large L asymptotic behavior remains the same. In the subsequent sum over L, the terms 2 m x L yield poles at x = (1/2) m/L , but the sum is convergent at smaller values of x. In particular, the sum is finite at x = contribute to the shift of the Hagedorn temperature, we may neglect the terms with k = L mod L for this purpose.
6 Two-loop partition function for the SU(2) sector
We now have the ingredients necessary to compute the two-loop correction to the singletrace partition function in the planar SU(2) sector of the SYM theory. In this sector, the dilatation operator (2.3) has the one-and two-loop corrections [6, 7, 31] (in terms of the SU(2) spin-chain) 14) hence the two-loop partition function (3.7) may be rewritten in terms of spin-chain observables as
The L = 1 and 2 terms on the l.h.s. vanish identically. 6 The L = 1 term on the l.h.s. vanishes identically.
For the purposes of the computing the shift in the Hagedorn temperature, we only require the coefficients of the poles at x = x 0 = arise only from the k = L terms in the sum
Using eqs. (6.15), (6.16), and (6.17), we have
Next we use this in eq. (3.6) and compare with eq. (3.4) . The double pole in the λ 2 term is consistent with eq. (3.4) , and the residues yield the one-and two-loop corrections to the Hagedorn temperature for the planar SU(2) sector:
Thus, the second-order correction to the Hagedorn temperature, which represents the position of the exponentially-rising density of states of the planar SU(2) sector, is in the opposite direction to the first-order shift. It should be noted that in this case the Hagedorn temperature does not give the thermodynamics of the theory in a thermal bath (due to the fact that the SU(2) sector is not closed at finite temperature), but should be interpreted as giving the exponentially-rising portion of the density of states of the SU(2) sector.
Concluding remarks
In this paper, we have extended the methods of ref. [28] to compute the partition function of a conformally-invariant gauge theory on IR × S 3 for which the dilatation operator acts on pairs of fields not necessarily adjacent to one another in gauge-invariant operators. We restricted the calculation to the planar large-N limit to avoid mixing between single and multi-trace operators. The partition function of single-trace operators was evaluated using a periodic spin-chain whose Hamiltonian contains non-nearest neighbor interactions.
We specialized this to the SU(2) sector of the N = 4 SYM theory, and computed the partition function to second order in the gauge coupling. This calculation does not represent the partition function in a thermal bath, since the SU(2) sector is not closed at finite temperature, but rather is to be interpreted as giving the density of states belonging to the Hamiltonian of this sector. We computed the first-and second-order shift in the Hagedorn temperature, which corresponds to the exponential rise of the density of states of the SU(2) sector. It is often speculated that this exponential rise is associated with stringy behavior, and is believed to continue to hold at strong coupling.
All the calculations in this paper have been done at weak coupling. The behavior of the theory could change dramatically at strong coupling. For example, the residue c(λ) in eq. (3.2) could vanish for some finite value of λ, indicating a softer than exponential growth of the density of states as the phase transition is approached. Alternatively, the value of x H (λ) could approach 1, implying that a Hagedorn transition is not attained at any finite temperature.
Finally, although we focused in this paper on (a particular sector of) the N = 4 SYM theory, the methods developed could be used for any theory (or sector of a theory) in which the dilatation operator (at some order in perturbation theory) acts on pairs of fields not necessarily adjacent to one another in the gauge-invariant operator. Also, due to the connection between N = 4 supersymmetric Yang-Mills theories and integrable systems, it would be very interesting to understand the role of integrability in these types of calculations.
